We consider a natural correspondence between a family of inequalities and a closed convex set. As an application, we give new types of power mean inequalities and the Hölder-type inequalities.
Concept and fundamental result
Given a natural correspondence between a family of inequalities and a closed convex set in a topological linear space, one might expect that an inequality corresponding to a special point (e.g., an extreme point) would be of special interest in view of the convex analysis theory. In this paper, we realize this concept.
Let X be an arbitrary set and {ϕ 0 ,ϕ 1 ,ϕ} a triple of nonnegative real-valued functions on X. Set For each x ∈ X, put
We consider the intersection D ϕ = ∩ x∈X D ϕ (x) of all such sets. Note that D ϕ is a nonempty closed convex domain in R 2 and that each point (α,β) ∈ D ϕ corresponds to the inequality ϕ ≤ αϕ 1 + βϕ 0 on X. We want to investigate the closed convex domain D ϕ . To do this, we define the constant α ϕ by
Clearly, 0 ≤ α ϕ ≤ M. Also, we have the following three fundamental facts:
. These facts will be used in the later sections to realize our concept.
Proof of (A).
and hence
for all x ∈ X with Mϕ 1 (x) = mϕ 0 (x). This implies that α ϕ ≤ α.
Proof of (B).
(1.7)
Proof of (C) . By the definition of M, we find a sequence {x n } in X such that
Of course, we can assume that ϕ(x n ) = 0 for all n = 1,2,.... Since {ϕ 0 (x n )/ϕ(x n )} is a bounded sequence with bound 1/m, we can take a subsequence {ϕ 0 (x n )/ϕ(x n )} converging to some real number t with
(1.9)
In particular, if α ϕ < M, then λ must be 1 by an easy geometrical consideration on the αβ-plane R 2 .
Application: Djokovic's inequality
Let H be a Hlawka space, that is, a Banach space in which the Hlawka inequality holds. If n and k are natural numbers with 2
for all x 1 ,...,x n ∈ H. This is well known as Djokovic's inequality (cf. [1, 2] ). Let X be the linear space
constitutes a system of seminorms on X and satisfies
Then the above Djokovic inequality can be rewritten as
) by the fundamental facts (B), (C). However, we have from [3, Theorem 1 (vi) 
It follows that D ϕ coincides with the minimum domain
Hence (α ϕ ,M − α ϕ ) is the only extreme point of D ϕ and the corresponding inequality, that is Djokovic's inequality, is of special interest. The above argument is nearly a restatement of [3, Theorem 1] .
Application: the power mean inequality
Let X = {(x 1 ,...,x n ) ∈ R n : x 1 ,...,x n > 0} and take t ∈ R. We define ϕ 0 , ϕ 1 , ϕ by
Dividing (3.2) by max{x 1 ,...,x n }, we see that (3.2) is equivalent to the following condition:
Denote by f (u) the right side of (3.3) . Then (3.3) becomes
Also, we can easily see that
(3.6) (i) The case of t < 1 and t = 0. In this case, (3.6) implies that f is a concave function on (0,1]. Hence (3.4) is equivalent to the following condition:
where u(α) is the unique solution of the equation
To investigate f (u(α)), set v = u(α) and γ = f (v). Then
so that α = (n − 1)γv 1−t . Therefore by a simple computation, we obtain the equation (3.11) and if t < 0, then
Also, α ϕ = (n − 1)/n from the fundamental facts (A), (B).
(ii) The case of t = 0. Note that f is a concave function on (0,1] and lim u↓0 f (u) = 0, f (1) = 1, and f (1) − f (1) = (n − 1)/n. By executing the argument of (i), we obtain that (3.13) and α ϕ = (n − 1)/n.
(iii) The case of t ≥ 1. By (3.6), f is a convex function on (0,1]. Therefore, (3.4) holds precisely when
Since lim u↓0 f (u) = ((n − 1)/n) 1/t and f (1) = 1, it follows that (3.15) and α ϕ = ((n − 1)/n) 1/t . We are now in a position to give the inequalities of special interest. We describe the corresponding inequality in each case.
(i) Let 0 < t < 1. Then
In particular,
Let t < 0. Then 3.18) for 0 < x 1 ≤ ··· ≤ x n and 0 < α ≤ (n − 1)/n. In particular, 3.20) holds for 0 < x 1 ≤ ··· ≤ x n and 0 < α ≤ (n − 1)/n. In particular, 3.22) for 0 < x 1 ≤ ··· ≤ x n and ((n − 1)/n) 1/t ≤ α. In particular,
Application: the Hölder inequality
Let (Ω,µ) be a finite measure space and 0 < p < q < r ≤ ∞. Let X = L r (Ω,µ) and set 
In general, it is hard to determine the domain D ϕ . We consider the following two special cases: Hence h(α) is a strictly monotone decreasing concave function on (0, ∞). Note also that
